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Abstract

The usefulness of high order numerical schemes for treating the advection of momentum in the primitive equations is examined. It
is shown that the use of high order advection schemes for themomentum advection can improve the dynamics of potential vorticity for
length scales similar to the deformation radius. This is illustrated using numerical experiments in academic and realistic con-
figurations. In particular, a model of the North Sea is used to evaluate the effect of a high order momentum advection scheme. It is
found that a fourth order scheme at 4 km resolution gives results close to a second order scheme at 2 km resolution, as far as mean and
eddy kinetic energy, position of currents, size eddies are concerned. It is concluded that computing the advection of momentumwith a
fourth order scheme is more cost effective than doubling their resolution.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This work is inspired by Sanderson (1998). He
showed that, for a given accuracy, it can be computa-
tionally more efficient to improve the order of a nu-
merical scheme than to increase the grid resolution of the
configuration. Sanderson (1998) investigated a model
with sufficient grid spacing to represent the dominant
dynamical scales. The optimal order of the numerical
scheme is then either D or D+1, where D is the total
dimension (spatial and temporal) of the model.

However, Sanderson (1998) noticed that not all terms
have to be of high order, and this depends on the processes
of interest. Analysis shows that, in general, oceanic cir-
culation models should benefit from high order (4 to 5)

schemes, at least for some terms in the equations. In
particular, tracer advection terms would benefit substan-
tially from the use of high order schemes. His evaluation
of the optimum scheme is based on two hypotheses; that
the cost of a scheme is proportional to mΔx−D, and that
the precision of the scheme is proportional toΔxm, where
m is the order of accuracy of the scheme andΔx is the grid
spacing.

Farrow and Stevens (1995) developed a third order
advection scheme based on Leonard (1979) that they
applied for tracers with significant benefits. However,
this scheme is based on a predictor/corrector time step-
ping and its efficiency was not evaluated. Holland et al.
(1998) proposed a fully explicit and more efficient
version of a formally equivalent scheme with the same
benefits. The same idea was proposed in parallel by
Webb et al. (1998), who also showed that the scheme
could be made fourth order with a small change of
coefficients. In their application they found that
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increasing the order of advection schemes was indeed
worthwhile for tracers, but not for momentum.

Other studies have implemented a fourth order ad-
vection scheme for the momentum equation, following
Holland et al. (1998) andWebb et al. (1998), and used it in
academic configurations (see Morel and McWilliams,
2001; Herbette et al., 2003, 2004; Morel et al., 2006).
These studies found that the new scheme was much better
than the original second order scheme for potential
vorticity (PV) dynamics and conservation. However, the
cost effectiveness of the scheme was not evaluated.

This paper thus proposes to follow Sanderson (1998)
for a more specific problem, revisit Webb et al. (1998)
and evaluate the usefulness of high order schemes for the
advection of momentum using different configurations.
More precise evaluations of the costs and benefits of
advection schemes are also given.

Evaluating the efficiency of a numerical scheme re-
quires the definition of a cost function and an error
evaluation. The former is straightforward for numerical
problems and we choose the cost to be equal to the
required computing time, here evaluated by the number
of operations to be performed. The error definition is a
more delicate issue. While Sanderson (1998) based his
evaluation on the truncation errors of the numerical
schemes, we will choose a criterion based on comparison
with a truth, which will either be analytical solutions,
higher resolution results or observations.

Section 2 proposes a theoretical analysis to evaluate
the efficiency of fourth and sixth order advection
schemes in comparison with second order schemes for
the potential vorticity dynamics. The generalization of
the analysis to realistic configurations is discussed as
well as the case of momentum advection focusing on PV
dynamics. In Section 3 we test our theoretical results and
compare the performances of a fourth order scheme to a
second order scheme for the momentum advection term
using a numerical model in an academic configuration.
Section 4 is dedicated to an application to realistic con-
figurations for the Atlantic basin at medium resolution
and Norwegian coastal area at high resolution.

Finally, a few important warnings have to be made.
We will focus on spatial discretization. Temporal dis-
cretization, although important too, is not addressed
here. In the following experiments the time discretization
are based on leapfrog schemes with sufficiently small
time steps to assume that errors are principally associated
with spatial discretization.

The efficiency of a given numerical scheme can
depend on the computer hardware used as some op-
erations may be more cost effective on different ma-
chines. This problem can not be addressed here.

As noticed by Sanderson (1998), different schemes
with the same precision can have very different costs,
depending on the way the scheme is implemented or on
some imposed properties (e.g. global conservation,
monotonicity). This will not be discussed here and we
will concentrate on simple finite difference schemes.

2. Theoretical approach

2.1. Advection of momentum and PV dynamics

The dynamics in the ocean is governed by the prim-
itive equations, which can be written in isopycnic co-
ordinates as follows (see Bleck and Boudra, 1986; Bleck
and Smith, 1990; Bleck et al., 1992):

AU
At

þ ðUdjÞU−f V ¼ −
AM
Ax

þ Fx; ð1Þ

AV

At
þ ðUdjÞV þ f U ¼ −

AM

Ay
þ Fy; ð2Þ

Ah
At

þ divðhUÞ ¼ S; ð3Þ

where U= (U,V) represent the horizontal velocity
components, j ¼ A

Ax ;
A

Ay

� �
is the horizontal divergence,

f= f0+βy, where f0 is the local Coriolis parameter and βy
represents the influence of the planetary gradient of
vorticity. The variable h is the thickness between two
isopycnal surfaces, which is connected to the Mon-
tgomery potential M, and (Fx, Fy) and S are forcing
terms or represent parameterizations of mixing effects.

These equations contain many different physical pro-
cesses associated with different time scales. However, in
the ocean, the dynamics of large wavelengths and time-
scales larger than 1 / f are associated with the evolution of
potential vorticity anomaly (PVA; see Herbette et al.,
2003, 2004). PVA is conserved along isopycnic surfaces
when forcing terms and diffusion are negligible, and is
the key parameter whose evolution has to be accurately
represented. PVA can be written as

PVA ¼ H
h

f−f0
Dh
H

þ by

� �
; ð4Þ

where H is the total depth, f ¼ AV
Ax

−
AU
Ay

is the vorticity and
f0Δh /H is the stretching term. A scaling of all terms
shows that the vorticity term dominates the dynamics at
scales smaller than the radiusof deformationRd=(g′H)1 / 2 /f
(Pedlosky, 1987; Cushman-Roisin, 1994). At these scales,
a good representation of the evolution of the vorticity is
required to achieve a good evolution of the PVA. On the
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other hand, at larger scales the evolution of the stretching
and even the planetary gradient of vorticity, has to be
accurately represented.

The evolution equation of PVA is obtained by taking
the curl of the momentum Eqs. (1) and (2). We then see
that the evolution of the vorticity comes from the mo-
mentum advection terms in Eqs. (1) and (2), whereas the
stretching term comes from a combination of the ad-
vective and the Coriolis terms, and the use of the con-
tinuity equation. Thus, a good representation of the
vorticity evolution only requires the momentum advec-
tion terms to be correctly represented, whereas a good
representation of the stretching term evolution requires
an accurate calculation of the advective term, the
Coriolis term and all terms of the continuity equation.

As a result, we expect that when the grid spacing is
larger than Rd, all terms of the equations would have to
be calculated to high order to guarantee a positive effect
on the PVA dynamics. When the grid spacing is smaller
than Rd, only the momentum advection terms have to be
calculated to high order to guarantee a positive effect on
the PVA dynamics.

2.2. Discretization of the advection equation

Let us now consider the advection equation in 1D

AW
At

−U
AW
Ax

¼ 0; ð5Þ

where U is a velocity field and Ψ represents a tracer (or
the velocity field itself, if we consider the momentum
equation). Eq. (5) is easily solved numerically using
centered schemes. When U is constant, the initial per-
turbation propagates at speed U without changing shape.
However, as shown in many previous studies (see for
instance Farrow and Stevens, 1995; Webb et al., 1998;
Shchepetkin and McWilliams, 1998), when solved nu-
merically, discretization induces inaccuracies. The nu-
merical propagation speed, Û, of any perturbation is
indeed different from the analytical propagation speed,U.
To decrease the error we can increase the order of the
numerical scheme or increase the resolution of the model.
We will base our error estimate on the difference between
the analytical and numerical propagation speeds,U andÛ.

For a constant grid spacing, Δx=L /N, where L is the
total length of the domain and N is the number of grid
points, the wavenumber, k, only takes discrete values,
k=2π /nΔx, with n∈ [2,…, N]. The numerical approx-
imation of the spatial derivative term is

AWO2

Ax
¼ Wðxþ DxÞ−Wðx−DxÞ

2Dx
ð6Þ

for the second order scheme,

AWO4

Ax
¼ 1

ð3=2ÞDx ½Wðxþ DxÞ−Wðx−DxÞ

−
1
8
ðWðxþ 2DxÞ−Wðx−2DxÞÞ� ð7Þ

for the fourth order scheme, and

AWO6

Ax
¼ 1

ð4=3ÞDx ½Wðxþ DxÞ−Wðx−DxÞ

−
1
5
ðWðxþ 2DxÞ−Wðx−2DxÞÞ

þ 1
45

ðWðxþ 3DxÞ−Wðx−3DxÞÞ� ð8Þ

for the sixth order scheme.
The previous equations can be used to calculate the

numerical propagation speed for a perturbationΨ (x)=eikx

with k=2π /nΔx, n∈ [2,…, N ], assuming the time dis-
cretization is perfect. We get

̂U
O2 ¼ U

sinðkDxÞ
kDx

; ð9Þ

̂U
O4 ¼ U

2sinðkDxÞ−ð1=4Þsinð2kDxÞ
ð3=2ÞkDx ; ð10Þ

and

̂U
O6 ¼ U

2sinðkDxÞ−ð2=5Þsinð2kDxÞ þ ð2=45Þsinð3kDxÞ
ð4=3ÞkDx :

ð11Þ
Doubling the resolution multiplies the cost by four,

because of the CFL condition associated with explicit
time stepping schemes. Increasing the order of the spatial
scheme also increases the cost, but to a lower extent.
However the gain as far as precision is concerned is not
straightforward to quantify.

2.3. Optimal scheme

Fig. 1 shows Û /U as a function of the wavelength,
λ=2π /k, for the second, fourth and sixth order schemes,
together with the analytical propagation speed. We see
that the numerical propagation speed is always lower
than the analytical propagation speed. In particular,
perturbations associated with the smallest wavelength,
Lw=2Δx, do not propagate at all. Thus, the dynamics of
processes with this wavelength will not be represented
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correctly. The smallest wavelength that can be accurately
represented is Lw=3Δx at the best and drastically
depends on the order of the scheme.

To define the optimal scheme, a criterion is necessary
for the accuracy of the numerical solutions associated
with different schemes.We have chosen to useÛ≥0.9U.

To correctly represent the dynamics of wavelength
Lw, according to the above criterion, the minimum grid
spacing for the second, fourth and sixth order schemes is

DxO2gLw=8; DxO4gLw=4:4; and DxO6gLw=3:6;

ð12Þ
respectively. (Corresponds to Û /U=0.9 in Fig. 1.)

Note that for the second order scheme, the difference
between the theoretical and numerical propagation speed
amounts to 10% for a wavelength Lw=8Δx. This means
that the dynamics ofwavelengths up to eight grid cells is not
represented very accurately with a second order scheme!

We use a timestep, Δt, which satisfies the CFL con-
dition (Δt=αΔx) and assume that Δt is small enough to
accurately represent the advective effects. (This is usually
the case in oceanmodels, because the timestep is controlled
by internal gravity waves.) This means that the limiting
factor for precision is the spatial derivative calculation.

The number of timesteps required to simulate a given
time period Tc is proportional to Tc /Δx (using Δt∼Δx).
The associated total computational cost is thus

CgðL=DxÞTðTc=DxÞTn; ð13Þ

where L /Δx is the number of points of the one di-
mensional domain of total length L, and n is the number
of operations necessary to calculate the spatial gradient.

Notice that the cost of the operands is not precisely
proportional to the order of the scheme as hypothesized
by Sanderson (1998), and a more precise evaluation can
be useful.

From Eqs. (6), (7) and (8), we can evaluate nO2=2,
nO4=5=2.5 nO2 and nO6=8=4 nO2. Then, if Lw is the
smallest wavelength whose dynamics is to be calculated
correctly, and using Eq. (12), we get

CO2gð8TL=LwÞTð8TTc=LwÞTnO2; ð14Þ

and for the higher order schemes

CO4gð4:4TL=LwÞTð4:4TTc=LwÞTð2:5TnO2Þg0:76CO2;

ð15Þ
and

CO6gð3:6TL=LwÞTð3:6TTc=LwÞTð4TnO2Þg0:81CO2:

ð16Þ
This shows that second order schemes are not op-

timal, and higher order schemes give better results for
advective processes, as already shown by Sanderson
(1998) using a different approach. The gain for a given
precision is however evaluated around 20% for the 1D
case discussed here. The same analysis can be done for
the 2D case and we can show that the use of fourth or
sixth order schemes yields a gain of about 60%. This
precise result is however based on a simplified model
and it seems necessary to question the details of the
previous calculations in the general case.

2.4. Discussion

As noted above, the differences in efficiency between
second and fourth or sixth order schemes are not that
high, at least in the 1D case, and it is thus important to
evaluate if some factors alter the fact that high order
schemes are more cost effective than low order schemes.
In favour of high order schemes we have that:

• In ocean general circulation models, momentum ad-
vection terms only represent a fraction of the total cost
of the model.

• In the calculations of 14, 15 and 16 all operands are
considered to cost the same computational time, which
is not true. Divisions are more expensive than any
other operand for all processors, and some processors
provide the calculation of consecutive multiplication
and addition for the same cost as an addition. As higher
order schemes only involve the additional calculations

Fig. 1. Û /U for the second order scheme (dotted), fourth order scheme
(dash-dotted), and sixth order scheme (dashed) as a function of
wavelength, together with the analytical propagation speed (plain line).
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of low cost operands, their cost is probably over-es-
timated above.

In favour of low order schemes we have that:

• Realistic configurations usually use meshes with
variable grid spacing. The calculation of the spatial
derivative at high order then requires many metric
terms that make the calculation much more costly.
Indeed, if we base our evaluation of the number of
operations on Holland et al. (1998) for instance, we
find nO2=10 and nO4=42≃4.2nO2. This yields
CO4≃1.3CO2 for the 1D case. On the other hand,
for the 2D case we get CO4≃0.7CO2, which mo-
tivates the further discussion.

• Boundary conditions are generally more difficult
to deal with and are more costly with higher order
schemes.

The previous arguments does not make it easy to
evaluate if high order schemes are more cost effective in
general. However, the fact that in a general circulation
model the PVA dynamics can be drastically improved, at
certain wavelengths, by only using a fourth order scheme
for the calculation of momentum advection, indicates
that such a choice could be really beneficial.

3. Tests in academic configurations

3.1. The momentum advection schemes

To test the previous idea, we have performed several
numerical experiments using the Miami Isopycnic Co-
ordinate Ocean Model (MICOM; see Bleck and Boudra,
1986; Bleck and Smith, 1990; Bleck et al., 1992) and the
HYbrid Coordinate Ocean Model (HYCOM; see Bleck,
2002). In both the original model codes, advection of
momentum is calculated using a second order enstrophy
conserving scheme (see Sadourny, 1975; Bleck and
Boudra, 1986; Bleck and Smith, 1990).1 The calculation
of the advective terms in the original code is associated
with an additional harmonic viscosity with a constant
viscosity coefficient (typically ν0=0.005Δx) and/or a
deformation dependent viscosity with a typical Smagor-
insky coefficient C0≃0.1 (see Smagorinsky, 1963).

We have implemented a fourth order advection scheme
based on Holland et al. (1998) and Webb et al. (1998). In
this scheme, the advective term is associated with a
biharmonic viscosity that we have modified to minimize
the viscosity coefficient. The full analysis is given in
Appendix A. Finally, to calculate the advective and
viscosity terms at a boundary, the component of the
velocity field parallel to the coast has been linearly extra-
polated from the interior (see Appendix B for details).
This limits the strength of the viscosity term at the coast
and the creation of spurious potential vorticity anomalies
(see Morel and McWilliams, 2001).

This fourth order momentum advection scheme has
been used in different process studies where the evo-
lution of PVA was the main concern (see Morel and
McWilliams, 2001; Herbette et al., 2003, 2004; Morel
et al., 2006). However, its cost efficiency in the sense
defined above was not evaluated. To do so, we now
present twin experiments performed with two codes that
are similar in all aspects except the calculation of the
momentum advection evolution.

3.2. Configuration

We first present results obtained in an academic
configuration, which allows us to concentrate on pro-
cesses where we know that the PVA dynamics is the most
important aspect for the evolution. We have adapted the
Bleck and Smith (1990) configuration to test the be-
haviour of the model with different boundary orienta-
tions and a steep topography.

We consider a square basin with two layers and steep
topography at the western boundary and in the middle of

1 Enstrophy conservation is an attractive property, but enstrophy is
in fact only conserved when the layer thickness does not vanish
somewhere in the fluid. In practice, the latter condition is rarely
achieved in realistic basin configurations, as interior isopycnic
surfaces always intersect bottom topography or the mixed layer.

Fig. 2. Initial configuration of the academic test. The graphic
represents the potential height PH=h / (ζ+ f) in the first layer. Notice
the presence of topography at the western boundary and the middle of
the basin.

35N.G. Winther et al. / Journal of Marine Systems 67 (2007) 31–46



Aut
ho

r's
   

pe
rs

on
al

   
co

py

the basin. The latter crosses both layers, so that bound-
aries, with different orientations, also exist in the middle
of the basin (see Fig. 2). The layers are initially at rest,
and the layer depths are, in absence of intersection with
topography, H1=1000 m and H2=2000 m. The Coriolis
parameter is f= f0 + βy with f0 = 7×10

− 5 s− 1 and
β=2×10−11 s−1 m−1. The density difference between
both layers is Δρ /ρ=1‰, which yields a radius of
deformation Rd≃37 km. The domain is discretized with
N=101 points along each zonal and meridional
direction. The grid spacing is Δx=10 km for the high
resolution case, and Δx=40 km for the low resolution
case. The size of the domain is L=NΔx=1000 km or
4000 km, respectively for the high and low resolution
configurations.

A bottom topography is taken into account and the
total depth, d, of the ocean is defined as

d ¼ 3000−max 0; 2500
10Dx−x
10Dx

� �

−4000 exp −
ðxþ y−LÞ2
10Dx2

−
ðx−yÞ2
5000Dx2

" #

−4000 exp −
ðxþ y−LÞ2
5000Dx2

−
ðx−yÞ2
10Dx2

" #
:

ð17Þ

The ocean is initially at rest. A constant, but non-
uniform wind stress is prescribed as

sx ¼ s0cosð2kx=LÞ and sy ¼ 0; ð18Þ
with τ0=−0.3 N/m2.

For both the high and low resolution cases three
experiments were performed. We have run the MICOM
code with the original second order scheme, the fourth
order scheme at the same resolution, and the original
second order scheme at twice the resolution. The
different experiments are summarized in Table 1.

Finally, for the original code, the viscosity was chosen
so that we avoided the development of strong noise
leading to a model crash, but as small as possible.

3.3. Results at “high resolution”

We first discuss the Δx=10 km case. At this res-
olution gyres and vortices rapidly fill in the basin.
Because of the turbulent evolution we limit our com-
parison to the first 100 days of the simulation.

Fig. 3 shows the simulation results at different times
and represents the potential height anomaly in the first
layer:

PHA ¼ h
fþ f

−
h

fþ f
jt¼0: ð19Þ

Note that as upwelling develops in the simulation, the
layer thickness vanishes and potential vorticity is not
defined. However, its inverse, sometimes called the
potential height, is defined.

The new scheme is behaving correctly and is far less
noisy than the original code, but at least as energetic at
the same resolution. This leads to results that are com-
parable and much closer to the 5 km simulation. In
particular, the localization, strength and behaviour of the
different structures are in much better agreement (see the
eddies on the eastern side of the basin in particular).

For this simplified configuration, the cost of the sec-
ond order scheme at 5 km resolution is 8 times the cost of
the second order scheme at 10 km resolution, whereas
the cost of the fourth order scheme at 10 km resolution is
only 1.5 times the cost of the second order scheme at
10 km resolution.

3.4. Results at “low resolution”

The previous experiments were repeated with
Δx=40 km andΔx=20 km for the “twice the resolution”
simulation. Fig. 4 shows that, again, the fourth order
scheme is closer to the original scheme with twice the
resolution. However, the three results are all closer, and
the improvement associated with the new scheme is less
obvious.

3.5. Conclusion

The fourth order scheme gives better results than the
second order scheme at same resolution. In the high
resolution case, with grid spacing smaller than Rd, it
gives results very close to the second order scheme with
twice the resolution. In that case the gain associated with
the fourth order scheme is obvious; its cost is only 1 /6 of
the second order scheme.

At coarser resolution, the benefits are less obvious in
accordance with the theory.

Table 1
Set-up for the different experiments with the academic test case

Exp. Order Δx (km) Δtc (s) Δtb (s)

1 2 10 1000 100
2 2 5 500 50
3 4 10 1000 100
4 2 40 4000 400
5 2 20 2000 200
6 4 40 4000 400

Here Δx is the horizontal resolution, Δtc is the baroclinic timestep and
Δtb is the barotropic timestep.

36 N.G. Winther et al. / Journal of Marine Systems 67 (2007) 31–46
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Fig. 3. Result for the academic test at high resolution. Figure shows the potential height anomaly (see Eq. (19)) for the three twin experiments; using
the original second order scheme, the original scheme with twice the resolution and the fourth order momentum advection scheme, after (a) 25 days,
(b) 50 days, (c) 75 days, and (d) 100 days.
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Other diagnostics have to be made to evaluate the
strength of the mean current and eddies that are
generated. This will now be tested in realistic model
applications.

4. Tests in realistic basin models

4.1. Generalities

In a realistic configuration, many processes intervene
and the dynamics is probably no longer dominated by
PVA evolution. For instance in the mixed layer, the
mixing associated with atmospheric fluxes can play a
major role, and the vorticity or PVA advection may not
be the principal process. In addition, vertical advection
may be important for non-isopycnic models.

We have thus chosen to compare the results of the
original second order and the new fourth order mo-
mentum advection schemes in realistic configurations
using the HYCOM model. In this case, the truth will be
observations rather than analytical solutions.

For the HYCOM model, the use of the fourth order
scheme for themomentum advection only adds 20% to the
total cost. Notice that in the following, for realistic con-
figuration, we have only modified the numerical scheme
of the momentum equation. We have not used the fourth
order advection scheme for the tracer equations. Such an
extension indeed requires some care and is discussed in
the final section.

4.2. TOPAZ and MONCOZE projects

The TOPAZ and MONCOZE projects aim at rep-
resenting a realistic ocean circulation from basin to re-
gional scales. The Arctic and Atlantic basin are modelled
at a medium resolution Δx≃30 km (TOPAZ) and the
North Sea and Skagerrak at high resolution Δx≃4 km
and Δx≃2 km (MONCOZE). For the TOPAZ project, a
ten year pin up starting from Levitus data and using

monthly mean atmospheric forcing has been performed.
The model is then restarted on January 1st, 1997 and one
year simulation is performed, on which we base our
analysis. The MONCOZE model is initialized and
receives lateral boundary conditions from the TOPAZ
model. The simulation period is the first three months of
1997. Both models are forced with atmospheric fields
from the European Center for Medium-Range Weather
Forecasting (ECMWF). For details see Winther and
Evensen (2005).

The North Sea is a shelf sea that lies between
Norway, the British Isles and the European Continent.
The current system in the North Sea is characterized by
a southward inflow of Atlantic water and the northward
flowing Norwegian coastal current (NCC). The North
Sea is a shallow sea, with two thirds of the region
having depths shallower than 100 m. The exception is
the Norwegian trench, which has depths exceeding
700 m. This special topography controls the circulation
to a great extent. The saline Atlantic water enters the
North Sea at its northern boundary and also through the
English channel. It follows topography, and is mixed
with fresher and colder water from rivers. When it
reaches the inner part of the Skagerrak, the area
between Denmark and Sweden and Norway, it meets
brackish water from the Baltic and turns northward. As
it reaches Norway, it follows the coast westward and
becomes the Norwegian Coastal Current. The NCC is
known as a chaotic current, with high mesoscale
activity, but in general it follows the coast northwards.
This leads to an overall cyclonic circulation in the
North Sea.

Note that, for the TOPAZ model, the deformation
radius in the Gulf Stream region is close to the grid
spacing, so we do not expect a “full” effect of the new
scheme. For the MONCOZE model, we can evaluate a
radius of deformation Rd≃10–15 km. For the chosen
grid spacing, the dynamics should benefit from the
numerical scheme improvements.

Fig. 4. Same as Fig. 3(d) except the results come from the low resolution case (Δx=40 km).
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In realistic configurations, the strength of the mean
currents and eddies that emerge is usually too weak when
compared to observations. High resolutionmodels indeed
always exhibit much highermean kinetic energy and eddy
kinetic energy than models with lower resolution, and are
closer to observations. As high order schemes have the
same effect as increasing the resolution, we expect the
new fourth order scheme to improve the mean kinetic
energy (MKE) and eddy kinetic energy (EKE) fields.
These are thus the key parameters we consider here.

4.3. Results for the TOPAZ configuration

For the basin scale, medium resolution TOPAZ con-
figuration, Fig. 5 shows that the “new” MKE is higher

than the old one in the Gulf Stream region (we can
identify peaks at 0.5 m2 s−1 near the Florida strait and
0.45 m2 s−1 near Cape Hatteras for the new scheme
whereas for the old scheme they reach 0.4 m2 s−1 and
0.33 m2 s−1, respectively). Fig. 5 also shows that the
EKE is higher in the in the Gulf Stream region. This is
true for the whole North Atlantic anticyclonic gyre,
which exhibits higher EKE, a feature which is both due
to better dynamics of eddies and lower viscosity effects.
The viscosity coefficient is indeed proportional to the
velocity (see Appendix A) and is very small far away
from the Gulf Stream.

For this configuration, apart from the classical Gulf
Stream overshoot at Cape Hatteras, the second order
scheme exhibits unrealistic features such as anticyclonic

Fig. 5. MKE (top) and EKE (bottom) in the Gulf Stream region when the original second order scheme (left) and the fourth order momentum
advection scheme (right) is used.
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vortices which remain trapped in the vicinity of the Gulf
Stream. Their signature is thus quite high on the MKE
field, and weak in the EKE field (see Fig. 5). The
diameter of these vortices are about 200 km, which
represent 6 to 7 grid cells in this area, but smaller scales
are important for their dynamics. Such vortices are
associated with generally high (but negative) PVA and
their evolution is then closely related to PVA dynamics.

In Section 2 we saw that all schemes underestimate the
advective effect, and the numerical propagation speed is
always lower than the theoretical one.We can assume that
advective effects modelled with the second order scheme
remains very weak, which explains that some vortices
stagnate. Using the fourth order scheme, the signature of
these strong eddies changes. Their signature in the MKE
field almost disappears and is now found in the EKE field.
This simply underlines that the vortices propagate more
realistically, which is the improvement we expected. Note
that these strong eddies are present in the beginning of the
one year simulation as the spin up has been obtained with
the second order scheme.

The propagation speed may still be too low. The eddy
displacement over one year is about 400 kmwhich seems
too low in comparison with observations. However, for
these vortices the stretching term is also important to
describe the dynamics of PVA. As we have seen pre-
viously, this requires other terms to be treated with higher
order numerics.

Thus, even though we did not expect a very important
benefit from higher order numerics with the TOPAZ
configuration, we found that a fourth order scheme for
the advection of momentum yields improvements in the
propagation of vortices.

4.4. Results for the MONCOZE configuration

We first concentrate on the MKE and EKE in both
Skagerrak and the northeastern part of the North Sea.
Fig. 6 shows MKE and EKE for experiments with the
second order and fourth order momentum advection
schemes with 4 km resolution, and the second order
scheme with 2 km resolution. If we compare results from
the 4 km resolution experiments, we see that the MKE
and EKE are generally higher with the new scheme. This
is specially clear in the Skagerrak area. We also see that
the NCC, associated with a maximum of MKE, in the
northern part of Skagerrak follows the coast more closely
with the new scheme and gives results similar to the 2 km
experiment, whereas in the original model at 4 km the
current is more detached from the coast (see Fig. 6). The
same can be seen further north, along the west coast of
Norway.

In the Skagerrak area, the fourth order scheme in-
creases the EKE along the Norwegian coast and in the
NCC outflow area. In both places the fourth order results
are closer to the higher resolution results. But we also see
that along the west coast of Norway the EKE is much
more sensitive to resolution and the 2 km run reveals a
drastic increase in this quantify. To summarize, the fourth
order scheme generally increases the MKE and EKE,
even though the EKE values do not reach the EKE in the
high resolution experiment.

The MKE is sometimes higher in the 4 km runs than
in the 2 km run. We know from sensitivity experiments
that in the North Sea, and specially in Skagerrak, the
solution is strongly dependent on the boundary condi-
tions, both at the northern boundary and through the
English channel. Even though the boundary conditions
come from the same large scale model, we must expect
some differences at the different horizontal resolutions,
and this will again influence the MKE and EKE.

Vertical cross sections (not shown) reveal a relatively
similar structure for the three experiments with a vertical
extent of the coastal current that is too deep in com-
parison with observations. The reason for this discrep-
ancy is thus believed to be different from advective
effects and is discussed in detail in Winther and Evensen
(2005). However, the mean transport associated with the
high order momentum advection scheme and high
resolution model is higher.

Comparison with observations is not easy in this
region where relatively few observations have been col-
lected at a resolution that would allow for a good eval-
uation of EKE and MKE. We thus focus on sea surface
temperature (SST) fields to further investigate our
results. To evaluate themean size of eddies andmeanders
created in our simulations a spatial wavelet analysis
(Torrence and Compo, 1998) of the SST has been
performed along a track where the eddy activity is high
(see Fig. 7). Wavelet analysis is similar to a windowed
Fourier transformation, but gives better spatial (or
temporal) resolution due to the use of basis functions
that are localized in space (time) and of length according
to their wavenumber (frequency).

The global wavelet spectra (Fig. 7) represent the
wavelet power spectra integrated in time and space.
Results from the three model experiments are shown
together with wavelet analysis of satellite observations
along the same track.2 Obviously, both the fourth order
scheme experiment and the high resolution experiment

2 Note that the observations were obtained for a different time
period as the cloud cover was to high during the period chosen for the
MONCOZE project.
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yield amean wavelet spectrum that has the same shape as
the observations; the satellite data has a local maximum
around 120 km while the model results have local peaks

around 110 km. The original code at 4 km does not show
this structure at all. Instead, eddies are formed without
real preferential scale in the latter model. A scale of

Fig. 6. MKE (left) and EKE (right) of surface layer in the MONCOZE region for the three experiments: the original second order scheme (upper), the
second order scheme with twice the resolution (middle) and using the fourth order scheme (lower).
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110 km for the wavelet analysis would typically
correspond to eddies with diameters of about 55 km,
which is in agreement with independent observations
made at sea (Johannessen et al., 1983, 1989).

The fact that there exist differences in amplitude in
particular between the observations and numerical re-
sults are not thought to be important as evaluations are
based on different time periods. We here concentrate on
the preferential sizes of the eddies that are generated and
only the shape and local maximum (not the amplitude) of
the spectrum are thus important.

This difference in mesoscale structure is further un-
derlined in Fig. 8, which shows vorticity plots after two
months of simulation when the turbulence is fully de-
veloped. The eddies are more numerous and stronger for
the high order scheme and the high resolution.

5. Summary

In this paper, we have evaluated the efficiency of a
fourth order momentum advection scheme in compari-
son with a classical second order scheme. We have first
shown that the second order advection scheme do not
yield a correct propagation speed for signals whose
wavelengths are below about eight grid cells, whereas a
fourth order scheme reduces this limit to about four grid
cells. The cost of the latter can however be very high,
specially when the grid spacing varies, which favour low
order schemes.

We have also shown that the dynamics of PVA at
scales equal to or lower than the internal radius of de-
formation mostly depends on the advection of vorticity,
which depends itself on the momentum advection. As a
result it is beneficial to use a high (fourth) order scheme
to calculate the latter numerically when the grid spacing
is smaller than the internal radius of deformation. The
resulting increase in computational cost will only
represent a fraction of the total cost.

This is confirmed with academic configurations using
a layer model, in which the dynamics of PVA is correctly
represented. Twin experiments have shown that at res-
olutions smaller than the internal radius of deformation,
the use of a fourth order scheme for the advection of
momentum along isopycnic surfaces yields results
comparable to a second order scheme with twice the
resolution, and is obtained with a much lower compu-
tational cost.

The dynamics of PVA is often poorly represented in
non-isopycnic models. Our tests with the HYCOM
model show that there is a clear benefit in using a fourth
order scheme for the isopycnic or horizontal advection of
momentum. The fourth order scheme increases theMKE
and EKE of oceanic currents, and improves the realism
of emerging eddies as far as their scale and strength is
concerned. Notice that the HYCOM model uses
geopotential coordinates in the vertical for the top layers
and that vertical advection has not been modified here.
We thus believe our results can be extrapolated to non-
isopycnic models in general.

As discussed above, the results depend both on the
grid spacing of the model and the importance of PVA
advection for the processes or region to be modelled. For
realistic ocean modelling we expect significant and cost

Fig. 7. Track along which we perform the spatial wavelet analysis
superimposed on the bottom topography (a). Result of the wavelet
analysis for the three model experiments and the satellite observations
(b). Notice the peak near Lw≃120 km.
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efficient improvements by using a fourth order scheme
for the momentum advection when the grid spacing is
smaller than the internal radius of deformation.When the
grid spacing is roughly equal to the radius of deforma-
tion, our results show that the improvements are modest,
but nonetheless lead to an improvement of eddy pro-
pagation, MKE or EKE.

Our analysis shows that moving from a fourth order
scheme to higher order schemes will most likely not
improve the efficiency. First of all the minimum wave-
length that can be properly represented is only reduced
from 4.4 to 3.6 going from a fourth order to a sixth order
scheme. Secondly, we expect metric terms to be too
expensive with a sixth or higher order scheme, with
variable grid spacing.

In our simulations, viscosity is also an important factor.
Low viscosity coefficients allow higher MKE and EKE,
but can only be used if the dispersion of the advection
scheme is low (Shchepetkin andMcWilliams, 1998). This
is again a property of high order schemes. We have
followed (Farrow and Stevens, 1995; Holland et al., 1998;
Webb et al., 1998) and adopted a biharmonic viscosity
with a coefficient proportional to the modulus of the
velocity field (instead of a constant coefficient) and the
grid spacing.We have also shown that a very lowviscosity
coefficient can be chosen provided we add a Smagorinsky
type viscosity to treat the case of shocks (Appendix A).

As far as the dynamics of tracers is concerned, a
fourth order scheme for the advective term is now cur-
rently used in many ocean circulation models and seems
to be the optimum choice (Webb et al., 1998). However,
it should be noticed that the fourth order scheme
discussed here does not ensure non-negative values for
tracers and can lead to unphysical values. Using the
present fourth order scheme for tracer advection in
MICOM/HYCOM would then require an additional test
to maintain tracer values in the desired range. This would
then spoil the conservation property, which is necessary
for climate studies for instance. To avoid this problem, a
better and more consistent way would be to keep the flux
form of the equation, as it is done in MICOM/HYCOM
and use the Zalesak flux corrected transport scheme (see
Bleck and Smith, 1990; Bleck et al., 1992; Bleck, 2002).
The latter can indeed combine the upwind scheme with
any other scheme (in practice second order centered in
MICOM/HYCOM, but that could be replaced by a
fourth order scheme) and it preserves the positivity of the
tracer. It should however be noted that the numerical
scheme in flux form on a C grid would be very expensive
at fourth order, and to achieve fourth order accuracy the
continuity equation should also be calculated at fourth
order. This would drastically increase the cost of the

Fig. 8. Instantaneous vorticity fields after 2 months in the MONCOZE
region for three experiments: using the original second order scheme at
4 km resolution (upper left), and the second order scheme with 2 km
the resolution (upper right) and the fourth order momentum advection
scheme with 4 km resolution (lower).
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model, and it is not obvious that the higher order ad-
vection scheme would be efficient for tracers. This would
require further studies, and we thus stress that the fourth
order advection scheme presented in this paper has for
now only be proven useful for momentum advection.

As far as dynamics is concerned, other processes
(inertia gravity waves, geostrophic equilibrium, etc.) have
to be properly modelled too. This would favour higher
order numerics for all terms of the equations. We believe
that this would not yield a significant gain or would even
be suboptimal for general models with variable grid
spacing.A second order scheme at higher resolution could
yield the same (or even better) results at a comparable
cost. The optimality of a scheme depends on the process
that has to be represented accurately. When the latter is
known, an analysis must be performed to define what
terms of the equations are important for its dynamics. To
determine the optimal scheme a precise evaluation of the
cost of second and fourth order schemes must be
preformed, or numerical benchmarks must be defined.

Finally, in this study we have chosen to stick to
traditional dissipation schemes (Laplacian or biharmonic)
and an extension of this work could be to follow
(Shchepetkin and McWilliams, 1998) and evaluate the
cost-efficiency of other dissipation schemes. For instance,
flux corrected transport (FCT) schemes or the explicit
locally adaptive dissipation (ELAD) developed by
Shchepetkin and McWilliams (1998) can improve the
monotonicity of the advection. While the latter schemes
seem of prime importance for the advection of tracers,
their utility for the advection of momentum has to be
evaluated in details, as they are much more costly than
more traditional dissipation schemes and as monotonicity
could be less important for the advection of momentum.
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Appendix A. Choice of viscosity

Numerical advection schemes lead to non-physical
dispersion at small scales, which again leads to noisy

fields. Diffusive terms have to be added to damp the
latter. As in Webb et al. (1998) or Holland et al. (1998)
we have chosen a biharmonic diffusion:

Diff ðUÞ ¼ A

Ax
m
A
3U
Ax3

� �
þ A

Ay
m
A
3U
Ay3

� �
: ð20Þ

The choice of the viscosity coefficient ν is a delicate
issue. It is often chosen constant, with sometimes a
variable part proportional to the deformation tensor (see
Smagorinsky, 1963). However, as the goal is to “fight”
the dispersive nature of the advection scheme, it can be
chosen more precisely.

One can show that

U
AUO4

Ax
¼ U

AU
Ax

−U
Dx4

30
A
5U
Ax5

þ OðDx5Þ: ð21Þ

The first order correction term is proportional to
A
5U
Ax5

and is the dispersive term to fight by diffusion. The goal
is therefore to add a diffusion term that overcomes the
dispersive effect.

A.1. First approach

A first guess is to choose ν so that:

m
A
4U
Ax4

zU
Dx4

30
A
5U
Ax5

: ð22Þ

If we consider a background velocity U0 and
perturbations of the form U=U0e

ikx, this leads to

mk4zjU0jDx
4

30
k5 ð23Þ

or

mzjU0jDx
4

30
k ð24Þ

for any wavenumber k∈ [0,π /Δx]. This equation is
verified if

mzjU0jDx
3

30
k: ð25Þ

This shows that the viscosity coefficient should be
proportional to Δx3, a well known result for biharmonic
viscosity, but also to the velocity modulus |U0| instead of
a constant. This choice limits the diffusion, specially in
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regions where the current is weak, which is not the case
if a constant viscosity is used.

A.2. Alternative (refined) approach

The previous choice for the viscosity coefficient
ensures that the diffusion term always dominates the
dispersive term. As a result, smooth fields are obtained. It
is however a rather strict condition, based on a static
analysis, and it yields rapid damping of the smallest
scales. The damping rate is:

s ¼ 1
mk4

; ð26Þ

and with ν=C|U0|Δx3 we get

kjU0js ¼ 1

CðkDxÞ3 ¼
N3

Cð2kÞ3 : ð27Þ

Small scales, which are often interesting, are rapidly
damped if C is not small enough. It is thus important to
minimize the latter coefficient.

A more precise analysis can be done to choose a
more appropriate viscosity coefficient. As we have seen,
the critical wavelength Lw determines which dynamics
is correctly represented by a numerical scheme. The
viscosity coefficient C has to be chosen so that, for the
wavelength Lw, the amplitude is “significantly” reduced
(typically divided by 2) over the time period of validity
of its dynamics, Δt=10Lw / |U0|. The rate of decrease
associated with a biharmonic diffusion is 1 /νk4, and we
thus get:

mk4g
lnð2ÞjU0j
10Lw

; ð28Þ

which yields for the fourth order scheme (Lw=4.4Δx)

mg
lnð2ÞjU0jL3w
10ð2kÞ4 g5� 10−3jU0jDx3: ð29Þ

We thus get the same form for the viscosity co-
efficient, but with a much weaker coefficient of pro-
portionality. This is what can be retained in practice.

A.3. Shocks

The previous calculations are based on a linearization
of the equations for which the dynamics of a monochro-
matic wave is simple. In practice, because of the non-
linearity of the momentum advection equation, shocks
develop. A shock is a discontinuity with the scale of a

grid cell. The previous calculations are not valid in this
case, but to efficiently deal with shocks a Smagorinsky
viscosity can be used (see Smagorinsky, 1963). That is
why it is natural to choose the following form for the
viscosity:

m ¼ Dx3maxðC1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ V 2;

p
C2DxtdÞ ð30Þ

with td ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AU
Ax −

AV
Ay

� �2
þ AU

Ay þ AV
Ax

� �2
r

, the deformation
tensor.

The coefficient C1 and C2 are chosen to be as small as
possible, but large enough to overcome the development
of noise because of the dispersive nature of the fourth
order centered scheme. In the QUICK scheme (see
Farrow and Stevens, 1995; Holland et al., 1998), C1=1 /
16 and C2=0. The previous calculations suggest
C1≃0.005 to overcome dispersive effects and tests in
academic configurations (with shock, not shown) have
shown that C2=0.05 yields good results. These are the
values we have chosen.

Appendix B. Boundary conditions for the fourth
order advection scheme

As we use a fourth order scheme and a biharmonic
diffusion, boundary conditions need special treatment
and two ”ghost-points” have to be specified for each
component on land. We found that the best choice in
general was to extrapolate linearly the velocity profile for
each component. We are on a C grid, and two cases have
to be distinguished when there is a boundary:

1. When the velocity component is perpendicular to the
boundary we define

U8ðIF1Þ ¼ 0; ð31Þ

U8ðIF2Þ ¼ −U8ðIÞ; ð32Þ

where U⊥(I) is the last/first velocity point of the
physical domain. Notice that constraint (31) is re-
quested (no-flux through the wall), whereas constraint
(32) could be modified.

2. When the velocity component is parallel to the coast
we set

U==ðI þ 1Þ ¼ 2U==ðIÞ−U==ðI−1Þ; ð33Þ
U==ðI þ 2Þ ¼ 2U==ðI þ 1Þ−U==ðIÞ; ð34Þ
if U//(I) is the last point of the physical domain, or

U==ðI−1Þ ¼ 2U==ðIÞ−U==ðI þ 1Þ; ð35Þ
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U==ðI−2Þ ¼ 2U==ðI−1Þ−U==ðIÞ; ð36Þ
if U//(I) is the first point of the physical domain.
Each physical component (zonal and meridional

components) is treated separately using the previous
rules, so that no special cases have to be distinguished for
corners. The only special case for realistic domains is
when an island or a promontory has a width of only one
grid point. In this case the “ghost-points” extrapolated
from the interior on one side will indeed overlap the ones
on the other side, and the treatment of such cases thus
requires some care.

Obviously, other choices can be made, especially
when the component is parallel to the coast (for instance
U//(I±1)=U//(I±2)=U//(I ), or U//(I±1)=U//(I±2)=−U//

(I ) for no-slip conditions). We found that the best choice
was the choice in Eqs. (33)–(36), as it defines smooth
curves and avoids the development of spurious vorticity at
the boundary. The biharmonic viscosity term indeed
yields huge values when the defined velocity profile is not
smooth, see Morel and McWilliams (2001).
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