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ABSTRACT
Estimation of the exchange of seawater of various properties between the Arctic and North Atlantic Oceans presents a
challenging observational problem. The strong current systems within Fram Strait induce recirculations and a turbulent
ocean environment dominated by mesoscale variations of 4–10-km scale. By employing a simple parameterized model
for mesoscale variability within Fram Strait, the authors examine the ability of a line array of closely spaced moorings and
an acoustic tomography line to measure the average sound speed, a proxy variable for ocean temperature or heat
content. Objective maps are employed to quantify the uncertainties resulting from the different measurement approaches. While measurements by a mooring line and tomography result in similar uncertainties in estimations of rangeand depth-averaged sound speed, the combination of the two approaches gives uncertainties 3 times smaller. The two
measurements are sufficiently different as to be complementary; one measurement provides resolution for the aspects of
the temperature section that the other misses. The parameterized model and its assumptions as to the magnitudes and
scales of variability were tested by application to a hydrographic section across Fram Strait measured in 2011. This study
supports the deployment of the 2013–16 Arctic Ocean under Melting Ice (UNDER-ICE) network of tomographic
transceivers spanning the ongoing moored array line across Fram Strait. Optimal estimation for this ocean environment
may require combining disparate data types as constraints on a numerical ocean model using data assimilation.

1. Introduction
Fram Strait, the passage between Spitsbergen and
Greenland, is a significant ‘‘choke point’’ for the general
circulation of the world’s oceans (Fieg et al. 2010;
Schauer et al. 2008). This strait is the only deep connection between the Arctic and the world’s oceans.
Through this strait, warm, salty North Atlantic water
flows northward in the West Spitzbergen Current, while
cold, fresher water, together with considerable quantities of ice (Smedsrud et al. 2011), flows southward in the
East Greenland Current. The transports of heat and salt
between the Atlantic basin and the Arctic Basin by the
deep and shallow current systems in Fram Strait are

Denotes Open Access content.

Corresponding author address: Brian D. Dushaw, Nansen Environmental and Remote Sensing Center, Thormøhlens Gate 47,
N-5006 Bergen, Norway.
E-mail: brian.dushaw@nersc.no
DOI: 10.1175/JTECH-D-15-0251.1
Ó 2016 American Meteorological Society

important aspects of ocean circulation, with profound
impacts on the ocean’s climate.
The details of these current systems are, however,
difficult to observe. Not only are the natural scales of
variability small at these high latitudes but the powerful
current systems have turbulent and recirculating features. These features influence and obscure transports of
mass or heat. Eddy variability may be an important
contributor to these transports. The Fram Strait moored
array (Fig. 1) has been deployed across the strait since
1997 to measure the properties of these current systems
(Fieg et al. 2010; Schauer et al. 2008). Temperature,
salinity, and current data from this array have been
noted for their great variability (von Appen et al. 2015).
Even with 16 moorings deployed along a 325-km line
across the strait, however, the separation of the moorings (20–28 km) is a few times larger than the natural
scales of variability, 4–10 km (Fieg et al. 2010; Nurser
and Bacon 2014). The moored array has therefore undersampled the ocean variability; the Fram Strait
moored array forms an incoherent observing array. This
situation has made it challenging to employ the moored
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FIG. 1. (top) Observational deployments within Fram Strait. The
2008–09 single DAMOCLES tomography path is at lower right, the
2009–11 ACOBAR tomography triangle spans the deep regions of
Fram Strait, and the 16 moored array moorings are along the
78.8338N line of constant latitude. (bottom) The moored array
moorings (black dots) and a fictive acoustic tomography path across
Fram Strait coinciding with the moored array. The panel illustrates
several approximations employed for this study. As deployed, the
moored array positions do not lie along a geodesic, but for the
purposes of this study, the positions and tomographic line were
assumed to be coincident. The tomographic path, between the
magenta dots, does not span the entire the moored array, because
it is limited by the shoaling topography at either end of the
moored array. The moored array length is 325.688 km. The tomographic range is 249.444 km, with the source mooring located
45.377 km from the westernmost mooring. Azimuthal equal area
projection.

array data directly to estimate heat flow (Schauer et al.
2008; Schauer and Beszczynska-Möller 2009), or as
constraints on numerical ocean models through data
assimilation. The high noise of the observations
overwhelms the signals of interest to the ocean
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modelers and introduces the effects of aliasing. Other
observing approaches, such as glider or conductivity–
temperature–depth (CTD) sections, have obvious,
different sets of complications or deficiencies. It is
clear that no one type of measurement offers a comprehensive solution to the observation problem in
Fram Strait.
Ocean acoustic tomography offers a natural integrating measurement type for sound speed that is
complementary to the point (moored or CTD) data type
(Munk et al. 1995). The technique has been previously
explored as a way to measure temperature or currents in
Fram Strait using realistic simulations (Chiu et al. 1987;
Naugolnykh et al. 1998). Tomography offers a natural
integral measurement of large-scale temperature. If one
of the aims of the Fram Strait observations is an accurate
estimate of the transport of net heat through the strait,
then large-scale temperature may be one relevant parameter. For these reasons, the Nansen Environmental
and Remote Sensing Center (NERSC) in Bergen, Norway, developed the Developing Arctic Modeling and
Observing Capabilities for Long-Term Environmental
Studies (DAMOCLES) tomography experiment as a
pilot study. The study included the deployment of a
single tomographic path of about 130-km range during
2008–09 (Skarsoulis et al. 2010; Mikhalevsky et al. 2015)
(Fig. 1). Tomographic observations were subsequently
expanded with the 2009–11 Acoustic Technology for
Observing the Interior of the Arctic Ocean (ACOBAR)
deployments (Fig. 1), and they were sustained with the
Arctic Ocean under Melting Ice (UNDER-ICE) program
with observations spanning 2013–16. Not surprisingly, the
nature of the data from the actual measurements is considerably different than those employed in the previous
simulation studies (Dushaw et al. 2016b).
In addressing the measurement problem by employing
basic objective mapping techniques, this paper has three
main aims. The first aim is to describe the different
measurement properties of the moored array and tomography. The difference in these properties illustrates
the mutual advantage of employing both data types in an
observation system. The second aim is to document the
inverse of the tomography data to obtain an estimate
for ocean temperature. This approach was used by
Sagen et al. (2016) to estimate temperature from the
DAMOCLES tomography data. The third aim is to use
the analysis as a first step toward assimilation of the tomography data type to constrain numerical ocean
models. The results of this analysis are intended to build
intuition as to the nature of the information content of the
tomography data; these results suggest how a numerical
ocean model might respond to the constraints of this information. In this paper it is important to distinguish
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between a simple ocean model of an objective map,
consisting of a parameterization employing small sets of
vertical and horizontal basis functions, and a complex
numerical ocean model, consisting of atmospheric forcing, ocean dynamics, etc., and a gridded scheme for
computing the temporal evolution of the ocean state. This
paper is an application of the former but with an eye on
the latter.
As shown by Dushaw et al. (2016b) and Sagen et al.
(2016), the non-bottom-interacting acoustic propagation associated with the DAMOCLES measurements
was mainly confined to the upper half of the water
column. In addition, as shown by Dushaw et al.
(2016a), sound speed is an accurate proxy variable to
temperature to good approximation, except, perhaps,
in near-surface conditions. Although salinity is obviously an important quantity governing and marking
oceanographic variability, its influences on the acoustic propagation and analysis here can be neglected.
The acoustic data therefore represent a measure of
ocean temperature that inherently averages over the
upper part of the water column. Given the nature of this
measurement, the average sound speed over the upper
1000 m of ocean and over the range of acoustic propagation was employed here. This average is closely aligned
with the acoustic measurements, and it is a convenient
single parameter for comparing the different data types.
Sound speed was used as a parameter of convenience
here, since this was the quantity directly measured by the
acoustics. As noted, this parameter can be used to compute temperature, hence heat content.
Objective maps (inverse and weighted least squares
are equivalent terms and used interchangably) are a
way to combine different data types in a consistent way
(Cornuelle et al. 1989, 1993). These techniques were
employed by Dushaw et al. (1993a,b) for combining
XBT/CTD and tomographic data types to test the
equations of sound speed and to estimate heat content
along O(1000) km sections in the eastern North Pacific.
Morawitz et al. (1996a) used similar inverse methods to
combine hydrographic, acoustic, and moored thermistor data to obtain optimal estimates for the threedimensional temperature field of deep convection in
the Greenland Sea (although the Greenland Sea is only
about 300 km south of Fram Strait, it has very different
oceanographic conditions). Skarsoulis et al. (2010)
have previously estimated temperature variability from
DAMOCLES tomography data. They first computed
two-dimensional (2D) empirical orthogonal functions
(EOFs) from the moored array data, and then estimated the amplitudes of those EOFs. The EOF amplitudes were estimated by a brute-force search for
EOF combinations that gave acoustic predictions that
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matched the observations. The objective map approach
discussed here is a more versatile and less computationally intensive approach to an inverse. Objective
maps require the design of a parameterized ocean
model for an infinite number of possible ocean states
are consistent with known ocean properties. The aim
of the objective map is to determine the solution
from this infinite pool of possible solutions that best
fits the data, within the assumed constraints of associated model variances and data noise. With any
objective mapping approach, the results are dependent on the assumed model employed for the
study. This paper therefore begins with a brief discussion of possible ocean models that might capture
the Fram Strait oceanography. Within the limitations
of a parameterization of the ocean by a simplistic
ocean model (a ‘‘toy’’ model), the study will quantitatively illustrate the value of the integrating, tomographic data type in estimating heat content
averaged across Fram Strait.

2. The ocean model: Vertical EOFs, sines and
cosines, and statistical properties
The natural or obvious approach to assessing the
information content of various data types within Fram
Strait would be to follow the approach of Cornuelle
et al. (1989) and Morawitz et al. (1996a), and compute
three-dimensional inverse estimates for ocean temperature. Such an approach might be amenable to
observations as depicted in the top panel of Fig. 1. It
would not directly elucidate the relative contributions
of the data types, however, since the various observations are displaced from one another. Further, such an
approach would require the construction of a threedimensional ocean model for Fram Strait, which would
quickly become a challenging endeavor. One would
have to account for mean flows, eddy meanders, recirculation characteristics, etc. For these reasons, the
approach here is artificially reduced to two dimensions,
with the moored array positions adjusted to lie on a
geodesic path coincident with a fictive tomography path
(Fig. 1, bottom panel). In two dimensions, a simpler statistical ocean model can be employed to determine the
basic resolution characteristics of the data types.
An objective map begins with a suitable reference
ocean in which data that are equivalent to the measurements can be computed (Munk et al. 1995;
Cornuelle et al. 1989, 1993; Morawitz et al. 1996a).
‘‘Suitable’’ means the differences between computed
and measured data are small such that the ensuing inverse can be considered linear. Using the differences
between the reference-ocean data and measurements,
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expected ocean variability. The formulation of this
model is the main oceanographic problem for objective mapping (indeed, present knowledge of the
three-dimensional variability within Fram Strait
may not be sufficient to construct a reliable threedimensional model). The model is a set of functions of
depth and range that accurately depicts the expected
variability, together with associated statistical descriptions of the covariances in depth and range. The
statistics were assumed to be Gaussian throughout,
and the inverse (i.e., the solution for the ocean state
by a weighted least squares fit of the model to the
data) is assumed to be linear. The assumptions about
model functions, statistics, and linearity may not be
entirely accurate. Nevertheless, short of egregious
errors in these elements, the objective map approach
will produce a reasonable, best possible estimate of
the ocean state and its uncertainty. The objective map
approach therefore is an important component of any
rigorous design study for ocean observing.
For the ocean model in this study, we assumed the
horizontal and vertical variability were separable; that
is, if F(r, z) is the ocean state of a scalar variable, such as
sound speed or temperature, to be estimated, then it can
be modeled as a linear superposition of 2D functions of
range r and depth z,
F(r, z) 5
FIG. 2. World Ocean Atlas hydrographic parameters along the
moored array section, extending onto the West Spitzbergen shelf to the
right and into the East Greenland Current to the left. The acoustic
section used for this study was between the two magenta lines. The
bathymetric data are derived from the International Bathymetric Chart
of the Arctic Ocean (IBCAO) 2-min-resolution database (Jakobsson
et al. 2008). (top) Temperature, (middle) salinity, and (bottom) sound
speed. Note the shallow layer of the low-salinity water of the East
Greenland Current across the section, deepening to the west.

the objective map obtains a correction to the reference
ocean, forming an estimate for the true ocean. For this
study, the reference ocean employed was the World
Ocean Atlas 2009 (Antonov et al. 2010; Locarnini et al.
2010). The climatological mean of the ocean across the
Fram Strait is shown by sections of temperature, salinity,
and sound speed along the moored array section (Fig. 2).
The core of the West Spitzbergen Current is apparent
over the continental slope west of Spitzbergen, extending
to about 500-m depth. The mesoscale variability dominates the climatological mean, however.
Considerable oceanographic knowledge is required
to devise an ocean model that accurately captures the

N

NV NH

n51

i51 j51

å An Pn (r, z) 5 å å Aij Vi (z)Hj (r) ,

(1)

where the sums are over the vertical (i) and horizontal
( j) indexes. The amplitude associated with the ith vertical function and jth horizontal function is denoted
by Aij . It is certainly possible to avoid this assumption by
devising sets of 2D functions that might accurately
model the ocean. Such functions might be 2D EOFs, for
example, derived from estimates of the 2D covariance of
the ocean (Skarsoulis et al. 2010). The separability
assumption simplifies matters considerably without adversely affecting the ocean model estimates.
The horizontal variability was assumed to be
composed of the linear superposition of sinusoids,
sin(Kj r) and cos(Kj r); that is, the horizontal variability was modeled using a truncated Fourier series.
While more sophisticated horizontal functions are
certainly possible—for example, horizontal modes
tuned to describe the horizontal variations of the
West Spitzbergen Current—sines and cosines can
accurately account for horizontal variability in most
situations (a truncated Fourier series may not be
an appropriate model for sharp ocean fronts). The
wavenumbers are Kj 5 2pj/1:5L, where L is the range of
the Fram Strait section. In defining the wavenumbers, this
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length is increased by a factor of 1.5 to avoid the periodicity
effects at the ends of the section (Morawitz et al. 1996a). If
there are NV vertical functions and NH wavenumbers,
then a total of N 5 NV (2NH 1 1) 2D functions comprise
the ocean model. With the model employed here, NV was 5,
while NH was 50, giving a total of 505 2D functions.
The wavenumber spectrum assumed for the sinusoids
determines the spatial length scales associated with the
model. This spectrum defines the weights or variances
associated with each wavenumber. While its form can be
prescribed in any number of ways to best model ocean
variability, the form for the wavenumber spectrum
employed here (Fig. 3) was
Sij 5

wi
1
,
Xi Kj2 1 K0i2

(2)

where indexes i and j refer to vertical and horizontal
function indexes, respectively; Xi is the horizontal scale
of the ith vertical function; and K0i 5 2p/Xi . The wi denote scale factors, which are described below. The
Lorentzian form of this spectrum is derived from the
assumption that the spatial covariance has an exponential falloff with range; the Fourier transform of a
decaying exponential is a Lorentzian. The effect of including ‘‘K0i2 ’’ in the denominator is to cause the spectrum near-zero wavenumber to roll over to a modest
finite value rather than become infinite. The Xi are
tuned to select the typical length scales desired for the
ocean model, typically 10 to a few hundred kilometers.
The spectrum used for the objective maps had
X1 5 200 km, X2 5 100 km, X3 5 50 km, X4 5 30 km, . . .;
higher-order modes correspond to shorter length scales
(the Xi are wavelengths associated with the truncated
Fourier series; scales of variability are smaller than these
wavelengths). The overall level for the spectrum is
scaled by wi so that it is consistent with vertical function
variances, as described next.
The vertical functions employed in an objective
map require careful consideration. Information on the
nature of the variability in the vertical in Fram Strait
was determined from a variety of sources, including
the moored array data, glider data, CTD data (see
section 6), and the results of a regional high-resolution
numerical ocean model (HYCOM) for Fram Strait
computed by the Nansen Environmental and Remote
Sensing Center modeling group (Sagen et al. 2016).
No single parameterized model could encompass all
of the variances, length scales, and other properties
suggested by these sources. The ultimate vertical parameterization was obtained by approximating the
variance as a function of depth and vertical correlation length to be similar to Fram Strait variability. In

FIG. 3. Three possible wavenumber spectra for the first three
vertical EOFs: (top) a model for an ocean with very short length
scales (all wavenumbers have similar variance); (middle) the model
assumed for this study, with reasonable length scales approximating those in Fram Strait; (bottom) a model with very long length
scales (only small wavenumbers have significant variance). The
middle panel was deemed the reasonable spectrum (see text). The
top panel used values 10 times these lengths, while the bottom
panel used values 0.1 times these lengths. The first EOF has the
largest variance, the third EOF the smallest.

particular, the variances as a function of depth assumed for this study are similar to those observed by
the moored array (Dushaw et al. 2016b). There are
many possibilities for the vertical functions, such as
baroclinic modes, layers, or the direct value at particular depths. In cases where acoustics are employed,
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it is important to model vertical variability such that
large sound speed gradients are avoided, unless there
are compelling reasons to include such gradients, for
example, a known mixed layer. Sound propagation is
sensitive to sound speed gradients. Ocean state estimates with unphysically large gradients as a consequence of insufficient ocean data can cause unphysical
acoustic propagation (Dushaw et al. 2013). EOFs for
the vertical variability derived from either data or
numerical ocean models are smoothly varying functions that work well for acoustics. The vertical functions employed for this study were EOFs of a synthetic
covariance function (see Morawitz et al. 1996a). If
sz 5 z1 1 z2 and dz 5 z1 2 z2 , then the (symmetric)
synthetic covariance was given by
C(z1 , z2 ) 5 20e2sz/750 e2dz /100sz .
2

(3)

In this model, the variance of sound speed at the surface was assumed to be about 20 (m s21)2, and the
e-folding scale of variance with depth is 350 m (Fig. 4).
This covariance was subsequently adjusted near the
surface, however. The variances within 40 m of the
surface were increased in an ad hoc fashion to model
the ubiquitous near-surface mixed layer found in Fram
Strait. This increase is evident in the variance near the
surface in the left panel of Fig. 4. The singular value
decomposition of this covariance gives the EOFs that
model the vertical variability (Fig. 4) and the associated spectrum of these functions, fEi g (Fig. 5). The
fEi g specify the variance of each EOF to be used for
the objective map.
The two-dimensional functions used to model the section across Fram Strait are combinations of vertical EOFs
and horizontal sinusoids. The variance of each EOF is
apportioned to the horizontal functions according to the
assumed wavenumber spectrum. By Parseval’s theorem,
an EOF variance specifies the value of the sum of
wavenumber variances. In the assumed model, all vertical EOFs have the same shape of the wavenumber
spectra. In short, the scale factors wi are determined by
the requirement that

Ei 5

wi
Xi

NH

1

å K2 1 K2 .

j51

j

(4)

0i

The ocean model described above is
NV

(

F(r,z)5 å Vi (z)
i51

A0i0 1

)

NH

å

j51

[A1ij cos(Kj r)1A2ij sin(Kj r)]

;

(5)

FIG. 4. (left) The variance of sound speed (heavy black line) as
a function of depth assumed for the ocean model. The solid and
dashed lines indicate the covariance functions with respect to the
starred points along the variance line. These variances and depth
scales are roughly in accordance with the nature of the ocean determined from a variety of data. (right) The EOFs of this covariance are the vertical functions used for the ocean model (solid
line is EOF 1).

hence, the 2D functions have the form
Pn (r, z) 5 Vi (z),

Vi (z) cos(Kj r),

or

Vi (z) sin(Kj r)
(6)

with an amplitude that is one of fA0i0 , A1ij , A2ij g for the
mean, cosine, or sine functions.
Using the variances of the amplitudes, Sij , it is straightforward to derive statistically consistent snapshots of what
the ocean looks like under the model assumptions. Any
particular snapshot can be derived using amplitudes for
the 2D functions given by
An 5

qﬃﬃﬃﬃﬃﬃﬃ
Wn pn ,

(7)

where Wn is the variance associated with the nth 2D
function (Sij reordered for the single index), and pn is a
random number with Gaussian distribution and unit
standard deviation (W refers to weight; variance and
weight are used interchangeably; the term weight is
used since these are the assumed variances that were
used in the weighted least squares fit). The set fAn g is
the set fA0i0 , A1ij , A2ij g. The random amplitudes, An , are
then applied to each 2D function in the equation for
F(r, z) above to obtain snapshots of model states.
Figure 6 gives example snapshots for the three assumed
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FIG. 5. The spectrum of EOFs derived from the covariance. The
variance associated with each vertical function falls off rapidly
with increasing EOF number. The first several functions are
adequate to account for the most of the variability in this
ocean model.

spectra given by Fig. 3. These snapshots illustrate the
differences in the natures of the assumed oceans. In
Fig. 3, the snapshots in the top (excessively short scales)
and bottom (excessively long scales) panels look
egregiously different from the true ocean, because the
assumptions behind those models were incorrect. The
spectrum giving the middle snapshot of Fig. 6 was
deemed ‘‘reasonable’’ and was employed for most of
this study.

3. Inverse of moored array data
With a reasonable, or at least acceptable, model for
the ocean established, it is straightforward to obtain
‘‘best estimates’’ for the ocean state from available data.
This estimate is a simple linear weighted least squares fit
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FIG. 6. Three examples (of an infinite number) of sound speed
sections from a model ocean assuming (top) short, (middle)
medium, and (bottom) long length scales. The horizontal scales
are set by the wavenumber spectra (Fig. 3). The vertical scales
are set by the assumed covariance with depth (with its associated
EOFs) (Fig. 4). The characteristics of the middle panel were
assumed to be reasonable for objective maps of Fram Strait
mesoscale features. Colors range from 29 (dark blue) to 9 (dark
red) m s21.

of the model to data; the stochastic inverse of Aki and
Richards (1980) was used for this purpose. Note that the
estimate itself is simple enough. The challenges associated with this problem are refining the assumed model,
weightings, and data statistics, such that an acceptable
and self-consistent solution for the ocean is obtained.
The reader is reminded that the inverse solution or
estimate refers not only to the actual estimate, but also
to the associated error covariances resulting from the
fit, without which the estimate is fairly meaningless.
The estimation problem also encompasses the model
testing problem associated with the chi-square test;
discussion of this important aspect of the problem in
the context of Fram Strait observations is beyond the
scope of this paper.
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Given the ocean model and moored array scalar data,
d(ri , zi ), obtained at points (ri , zi ), the forward problem
operator for the moored array is
Gij 5 Pj (ri , zi )

(8)

so that the data are modeled as [switching to the matrix
notation of Aki and Richards (1980) for the inverse
problem]
d 5 GA 1 e ,

(9)

where e is the data noise covariance, assumed diagonal.
Given scalar data for sound speed at the locations of the
moored array instruments and their uncertainties, the
inverse problem is to solve for the model parameters, A,
and their covariances (Aki and Richards 1980; Morawitz
et al. 1996a). With estimates for the model parameters,
the solution for the sound speed section, the objective
map, can be computed from the equation above for the
ocean model. Estimated error covariances for this
map can be readily computed (Cornuelle et al. 1989;
Morawitz et al. 1996a).
With a given observing system such as the moored
array, many aspects of the inverse problem (resolution,
error statistics) can be examined in the absence of actual
data if reasonable assumptions as to the statistics of
the problem can be made. For illustrative purposes,
however, a ‘‘test ocean’’ will be employed (Fig. 7) to
give a concrete example to the discussion. This test
ocean is sinusoidal horizontally with 200-km wavelength
and exponential vertically with a 400-m decay scale.
Synthetic data are obtained by measuring this test ocean
in the same manner as the observing system instruments.
A small element of noise is added to these data, consistent with the assumed data noise. In this section, the
data consist of simple point measurements of sound
speed at the locations of the moored array instruments.
The instrumentation obviously measures temperature
and salinity, and perhaps also pressure, and other
quantities that have their own value in oceanography.
Our limited purpose here is to just assess the resolution of the ocean by point or line integral measurements, however, so we set aside such realities. The
estimates derived by the objective map applied to the
synthetic data can be compared to the test ocean. Bear
in mind, however, that the essence of the problem
is the error covariance estimate, rather than the
subjective assessment of how one objective map or
the other compares to this particular (somewhat
pathological) example.
Assuming the wavenumber spectra of the middle
panel of Fig. 3, judged to be reasonable, the fit of the

FIG. 7. For the purposes of illustrating the objective map applied
to a specific example, this artificial realization of a possible sound
speed section is employed. This ocean is measured according to
moored array or tomography instrumentation to obtain synthetic
data. This realization is the ‘‘true ocean’’ for comparison to the
estimates of this state derived by the objective map applied to the
synthetic data. Bear in mind that the essence of the problem is
the associated uncertainty and covariance estimate, rather than the
subjective assessment of how one objective map or the other
compares to this particular artificial example. Colors range from
29 (dark blue) to 9 (dark red) m s21.

synthetic data to the ocean model produces residuals
consistent with the model, assumed statistics, and data
uncertainty (Fig. 8). Data noise, which also includes the
variability that is unresolved by the ocean model, was
assumed to be 1 m s21, about 10% of the signal. The
inverse solution for the model parameters is used to
obtain the mapped solution for the sound speed (Fig. 9);
this solution can be compared to the true solution of
Fig. 7. The uncertainty of the map, given by the diagonal
of the error covariance matrix obtained as part of the
objective map, is small at the locations of the instruments. As shown in the middle panel of Fig. 9, the
prior uncertainty is a little less than 4 m s21 at 220-m
depth, which is reduced to about 1 m s21 at the locations
of the moorings, consistent with the assumed data uncertainty. The uncertainty increases away from points
where there are instruments at a rate that indicates the
assumed scale of correlation in the ocean model. Two
other examples of objective maps of moored array data
are given in Figs. 10 and 11; these examples are associated with very short spatial length scales (top spectra of
Fig. 3) and very long spatial length scales (bottom
spectra of Fig. 3). All three examples fit the data consistently; hence, they are viable solutions. The assumption of longer length scales more closely characterizes
the test ocean in this case; hence, the solution under this
assumption looks more similar to the test ocean. As
previously noted, the additional information inherent
behind the various assumptions in constructing the
ocean model has influence on the accuracy of the inverse
solution. The reasonable wavenumber spectra will be
used hereinafter.
As described in the introduction, one of the goals of
this study was to obtain the average along a section of
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FIG. 8. The data-uncertainty-weighted residual of the fit to the
moored array data (data minus prediction, normalized by the data
uncertainty). This distribution of the normalized residuals is consistent with a Gaussian distribution (standard deviation).

ocean to assess the accuracy of heat content, one of the
primary components of heat transport. An average over
the top 1000 m of ocean was calculated from the objective map, together with an uncertainty. This average was
also obtained over the section of ocean between the two
tomography moorings, a range of 249.4 km. The estimated average value was 20.56 6 0.29 m s21, which was
within the uncertainty of the true average for the test
ocean, 20.39 m s21. For comparison, with no data the
estimate for the average is 0.00 6 1.03 m s21. Given the
mooring measurements and the assumed ocean model,
the estimate for the average sound speed has an uncertainty of 0:29/1:03, or 28%. Note that because of the
assumed correlation lengths, measurements obtained
outside of this section of ocean still influence the solution within the section.

4. Inverse of acoustic tomography data
The objective map using acoustic tomography can
be obtained using the same ocean model and statistics as above but applied to the path integral data
type. In this case, the forward problem operator is
the integral over the ray paths of the 2D model
functions,
ð P (r, z)
j
ds,
Gij 5 22
2
Gi c0 (r, z)

(10)

where (Gj ) is a set of acoustic ray paths and c0 (r, z) is a
reference sound speed section derived from the World
Ocean Atlas 2009. The ray paths obtained for this study
were obtained by ray tracing using the World Ocean Atlas
2009 along the geodesic path across Fram Strait (Fig. 1).
The form for the inverse problem is still that of (8) above
with d and e denoting the acoustic travel times and its

FIG. 9. (top) Using the model parameters derived from the
weighted least squares fit to the moored array data, the solution for
the sound speed section is obtained. Note that each mooring has
four measurements in the water column and an additional measurement at the seafloor. (bottom) The estimate for the uncertainty, the diagonal of the error covariance matrix, shows small
uncertainty at the locations of the instruments, but the uncertainty
rapidly increases away from points where there are instruments.
(middle) The length scale of this increase with distance from
a measurement (uncertainty at 220 m) indicates the assumed correlation scale of the ocean model. Compare this state estimate to
the true ocean of Fig. 7. Colors range from 29 (dark blue) to
9 (dark red) m s21.

noise, respectively. The model parameters to solve for, A,
are the same set of model parameters as above.
From the inverse solution for the Aj , the mapped
sound speed section can be calculated (Fig. 12). In this
case, as expected, the tomography ray paths do not resolve the details of the sound speed section. This property is reflected by the mapped uncertainty, which shows
only a small overall decrease in uncertainty relative to
the prior value over the region where there are ray
paths. This decrease can be seen in the middle panel of
Fig. 12, where the uncertainty at 220 m is reduced to only
about 3 m s21 from the prior value of about 4 m s21.
What is not reflected by the mapped uncertainty is that
the off-diagonal elements of the error covariance matrix
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FIG. 10. As in Fig. 9, but assuming a very short correlation length
for the ocean model (top panel of Fig. 3). Away from instrumentation, the solution rapidly decreases to zero, and the uncertainty similarly rapidly increases to the prior variance. Compare
this state estimate to the true ocean of Fig. 7. Colors range from
29 (dark blue) to 9 (dark red) m s21.

FIG. 11. As in Fig. 10, but assuming a very long correlation length
for the ocean model (bottom panel of Fig. 3). The solution is well
correlated across the instruments, and the uncertainty is small
throughout and slowly increases to the prior variance away from
instrumentation. Compare this state estimate to the true ocean of
Fig. 7. Colors range from 29 (dark blue) to 9 (dark red) m s21.

are important. The ray paths measure a natural average,
and the correlations of the error matrix express the nature of this average measurement. The average sound
speed and its uncertainty computed over the 0–1000-mdepth interval and over range was 20.40 6 0.19 m s21.
Indeed, the uncertainty of the average is small, even
though the pointwise uncertainty was about 3 m s21.
Given the tomography measurements and the assumed
ocean model, the estimate for the average sound speed
has an uncertainty of 0:19/1:03, or 18%.

vector, di , is a vector with the point measurement data
above the travel time data,
" #
d1
di 5 2n ,
(11)
dm

5. Combined inverse of moored array data and
tomography data
In many ways, the point and line integral measurements are complementary, with optimal results obtained
by combining these different data types with the objective map. The objective map can be applied to both the
point and path integral measurements by merely
‘‘stacking’’ the data (Morawitz et al. 1996a). The data

and the forward problem operator is just
"
Gij 5

G1nj
G2mj

#
,

(12)

where the superscripts 1 and 2 refer to the point and path
integral measurements, respectively. The objective and
error maps resulting from combining these data types
are given in Fig. 13.
Calculating average sound speed over the
0–1000-m-depth interval and over range obtained a value
of 20.39 6 0.08 m s21, in near-perfect agreement with the
true value of 20.39. By combining the two data types, the
uncertainty was reduced by more than a factor of 3.
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FIG. 12. (top) The solution for the sound speed section obtained
using only acoustic tomography data. (bottom) The estimate for the
uncertainty decreases only slightly in regions where there are ray
paths; the off-diagonal elements of the error covariance are important in this case. Compare this state estimate to the true ocean of
Fig. 7. Colors range from 29 (dark blue) to 9 (dark red) m s21.

Given both the moored array and tomography measurements and the assumed ocean model, the estimate
for the average sound speed has an uncertainty of
0:08/1:03, or 8%. For random sampling with white noise,
the value for the uncertainty improves by the square
root of the number of point measurements. If ocean
variability was random, then a similar improvement in
uncertainty could be obtained by increasing the number of point measurements by an order of magnitude
(e.g., employ 160, rather than 16, moorings). This
scaling is only approximate for the real ocean, however,
since ocean variability does not usually have a white
spectrum.

6. Objective map of a hydrographic section
The model and objective mapping can be applied to a
zonal section of hydrographic data across Fram Strait.
These data were obtained from the Norwegian Coast
Guard Vessel (CGV) KV Svalbard at the end of
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FIG. 13. (top) The solution for the sound speed section obtained
using both moored and acoustic tomography data. (bottom) The
estimate for the uncertainty is considerably reduced with the
smallest uncertainty where there are point measurements. Compare this state estimate to the true ocean of Fig. 7. Colors range
from 29 (dark blue) to 9 (dark red) m s21.

September 2011 over an 8-day interval from 78.21388N,
4.09158W to 77.90438N, 8.61888E (Fig. 14; Sagen and
Beszczynska-Möller 2015). This application provides
both a test of the model against real data and an additional example of sampling and resolution. These hydrographic data have sampling similar to the moored
array but with almost continuous measurements in the
vertical.
The hydrographic section was obtained using 17 T-5
expendable bathy thermograph (XBT) casts, nominally
to about 1800-m depth. The manufacturer’s XBT data
acquisition system assigned a nominal salinity profile to
the temperature profile, from which pressure and
sound speed were computed using the Chen–Millero
equation. While the salinity assigned in this way is
imprecise and the Chen–Millero equation is known to
be slightly in error at depth (Dushaw et al. 1993a), for
our purposes the sound speed computed this way was
adequate. Temperature variability is the dominant effect on sound speed and, as previously noted, data
uncertainties of 1 m s21 were assumed to account for
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the objective map (compare the mapped actual ocean
sound speed section of Fig. 14 with the three realizations
of Fig. 6). Profiles of three XBT casts are compared to
the objective map fit in Fig. 15.
The hydrographic sampling was applied to the test
ocean pattern of Fig. 7. Mapped with the hydrographic sampling, the computed average sound
speed over the 0–1000-m-depth interval and over
the range of the tomography path had a value
of 20.31 6 0.16 m s21. The average value estimated
this way was consistent with the true value, with
uncertainty slightly less than the uncertainty obtained
using only the tomography data. Inasmuch as the
moored array and hydrographic sampling characteristics are similar, it is apparent that combining
hydrographic and tomography data for this map
would result in significantly smaller uncertainty.

7. Discussion

FIG. 14. (top) An objective map of a sound speed section derived
from hydrography data obtained across Fram Strait along the
southern zonal ACOBAR acoustic path (Fig. 1) in late September
2011. The inverse is relative to the path-averaged sound speed
profile. (bottom) The estimate for the uncertainty is considerably
reduced where hydrographic profiles were obtained. With spacing
of about 18 km, the sound speed fluctuations between adjacent
profiles are uncorrelated. Colors range from 29 (dark blue) to
9 (dark red) m s21.

internal waves and other unresolved variability. The profiles
of sound speed were decimated to values at 10-m intervals
by cubic spline interpolation with little loss of information.
The model employed here for objective mapping
accounted for the observations within data uncertainty.
This fit was made to data relative to the average sound
speed profile. The fit demonstrated that the model
was adequate to account for the characteristics of temperature variability within Fram Strait, at least for this
sample size of one (Fig. 15). The spacing of the hydrographic profiles was about 18 km, however, and it was
readily apparent that adjacent profiles were frequently
uncorrelated. Nevertheless, the spatial characteristics of
the mapped hydrography section were roughly consistent with the vertical and horizontal scales assumed for

This simplified study was separated from the complications of the real ocean to focus on the specific issue of
point-versus-line-average measurements of a scalar
quantity and the resolution these data types have for a
particular ocean model. While simplified, an attempt
was made to place the study within the environment of
Fram Strait in a realistic way. One aim of this study was
partly to use it as a stepping-stone toward a more comprehensive study of Fram Strait oceanography using the
point and line integral data types, both of which are now
available. Future steps in this analysis are to employ the
actual moored array and tomography measurements,
together with CTD and glider sections, and other data,
to determine an accurate three-dimensional statistical
model for Fram Strait variability. Such a model can then
be applied to the available data to obtain ‘‘best estimates’’ for the variability.
This study adopted a particular ocean model based on
sinusoids horizontally and covariance EOFs vertically.
Assumptions were also made about these functions and
their associated statistics for the variability of a scalar
variable (sound speed) in range and depth. Any results
or conclusions drawn from this study depend on the
model assumptions. Nevertheless, the study employs a
reasonable ocean model with self-consistent calculations and obtains results in that context. Indeed, the
horizontal and vertical scales assumed for the ocean
model were found to be consistent with data obtained
from a hydrographic section across Fram Strait. The key
quantities resulting from these calculations were the
estimated uncertainties for range- and-depth-averaged
sound speed for point measurements alone, tomography
measurements alone, and both data types combined
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FIG. 15. Sound speed profiles from Fig. 14 at 54-, 149-, and 259-km ranges as observed by
XBTs in September 2011 (heavy line) and estimated from the objective map (light line). By
design the objective map smooths the short-scale variations observed by the XBTs. Data
noise of 1 m s21 was assumed for the fit. The objective map was relative to the average sound
speed profile, given by the dashed line.

(Table 1). A test ocean section was employed to lend a
concrete, specific sound speed section to this study, and
to illustrate aspects of the objective map technique.
For obtaining an estimate of an average of a scalar
quantity along a section across Fram Strait, optimal
measurements are a combination of point and line integral data types. This combination reduced the uncertainty of the estimate by about a factor of 3 from
estimates using a single type of data. The result quantitatively highlights the complementary nature of point
and line integral data types. An equivalent reduction of
uncertainty using only point measurements would require an order of magnitude increase in the number of
point measurements. This result demonstrates the
fundamental motivation behind employing acoustic
tomography in conjunction with other data types.
Similar conclusions were reached by Morawitz et al.
(1996b) for estimating deep convection in the Greenland Sea, and Dushaw et al. (2009) for estimating the
broadscale ocean temperature in the North Pacific.
In the recent past, observations within Fram Strait
appear to have been governed by the notion that it is a
‘‘choke point’’ for oceanographic circulation, thus
implicitly viewing the problem as two-dimensional.
This approach appears to have been the motivation for
the deployment of the moored array. The difficulties of
this approach have become more and more apparent
(Schauer et al. 2008; Schauer and Beszczynska-Möller
2009), leading to the recent reconfiguration of the
moored array to concentrate resources within the
current systems near the continental shelves on either
side of the strait, reducing resources in the central part

of the strait. The small scales of variability within Fram
Strait meant the moored array was an incoherent array, with associated difficulties in analysis, while
the nature of the circulations within Fram Strait are
inherently three-dimensional. We suggest the Fram
Strait observational problem may be better approached from a three-dimensional point of view, with
the notion that accurately estimating transports
through the strait may require an accurate model for
the internal circulations within the strait. For this
reason, tomographic observations within Fram Strait
were reconfigured to span the moored array line
(Fig. 16). One of the aims of this paper was to describe
the averaging nature of the tomography data; a line

TABLE 1. Average of sound speed and its uncertainty over the
range of the tomography section (249.4-km range) and over
0–1000-m depth. Values were estimated from an objective map
employing the data indicated. Because the tomography is a path
average, the uncertainty matrix from an inverse employing such
data is highly correlated. The tomography data therefore result in
smaller uncertainty in the average than the moored array data. The
meaningful quantity is the uncertainty estimate; the actual average
for the test ocean is merely one example and may not be representative. Combining the data types by an objective map gives
a significantly better result.
True average

20.39 m s21

No data
Point array only
Tomography only
Both data types
Hydrographic section

0.00 6 1.03
20.56 6 0.29
20.40 6 0.19
20.39 6 0.08
20.31 6 0.16
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FIG. 16. Sea surface temperature and sea ice cover in Fram Strait
in mid-March 2011, together with the ongoing moored array (white
dots) and NERSC UNDER-ICE tomography (yellow lines) measurements. Accurate estimates of transports of heat and salt through
the strait may require determining the turbulent and recirculating
temperature and current properties within Fram Strait by numerical
ocean models constrained by assimilation of different data types. The
red contours indicate the 500-m (thick) and 1000-m (thin) isobaths.

segment average of ocean temperature appears to us
to be a valuable constraint in estimating Fram Strait
transports. Eventually, we expect that all these data
will be optimally employed using high-resolution dynamical ocean models and data assimilation techniques to obtain dynamically consistent estimates of
the evolution of the ocean’s state (Gaillard 1992;
Lebedev et al. 2003). The precise impact that tomographic data may have on such state estimates has not
yet been determined, however.
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